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Abstract
This paper demonstrates that a hydraulically acting Helmholtz resonator can exist in a
piezoelectric–hydraulic pump (PHP) based hybrid actuator, which in turn affects the volumetric
efficiency of the PHP. The simulation and experimental results illustrate the effect of Helmholtz
resonance on the flow rate performance of the PHP. The study also shows how to shift the
Helmholtz resonant frequency to a higher value through changing parameters such as the
cylinder diameter and the effective bulk modulus of the working fluid, which will improve the
volumetric efficiency and broaden the operating frequency range of the PHP actuator.
(Some figures in this article are in colour only in the electronic version)
Nomenclature
A ram (effective) area (m2)
Cp capacitance of PZT stack (F)
Cm compliance of PZT stack (=k−1m )
C1 compliance of Helmholtz resonator (=k−11 )
C2 compliance of pumping chamber (=k−12 )
d1 diameter of double-acting hydraulic cylinder (m)
d2 diameter of pumping chamber (m)
d33 electro-mechanical charge (coupling) coefficient
h1 height of double-acting hydraulic cylinder (m)
h2 height of pumping chamber (m)
i electric current (A)
f frequency (Hz)
km stiffness of PZT stack transducer (N m−1)
k1 stiffness of Helmholtz resonator (N m−1)
k2 stiffness of pumping chamber (N m−1)
M2 effective mass of stiffener with diaphragm (kg)
M1 effective mass of fluid (kg)
N electro-mechanical conversion constant
n number of PZT stack layer
Q1 flow rate (cm3 s−1)
s Laplace operator
t thickness of PZT stack layer (m)
Vo control volume of fluid cavity (m3)
VAC AC input voltage (Volt)
x, x˙ displacement and velocity (m, m s−1)
Ze electrical impedance
Zm mechanical impedance
Z i complex impedance of subscript
βe effective bulk modulus of working fluid (Pa)
μ volumetric efficiency
1. Introduction
Hydraulic actuation systems play an important role in
many industrial applications. However, conventional electro-
hydraulic actuation systems have many shortcomings and
technical limitations that restrict performance. To overcome
these difficulties, new devices have been investigated to replace
the conventional actuation systems. One of the potential
alternatives is to utilize a piezoelectric–hydraulic pump (PHP)
concept. The key idea of the PHP-based hybrid actuator (or
PHP actuator) is to combine the advantages of piezoelectric
transducers (high power density and large load authority)
and hydraulic systems (large stroke). Over the past years,
several prototype PHP-based actuators have been introduced.
Konishi et al [1] have developed a macro-scale PHP using
a piezoelectric stack actuator, and recognized that using a
flexible diaphragm in the pumping chamber could increase
its bandwidth. Different versions of new actuation systems
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Figure 1. Schematic hydraulic circuit of the PHP actuator (gray area:
suction flow side).
consisting of a PHP were designed [2–4]. Sirohi et al [5]
used low voltage PZT stacks at higher frequencies to more
effectively utilize their high power density. In addition, they
substituted the ball-type check valves with reed valves to
extend the bandwidth of the one-way valves. To overcome
the limitations of passive one-way valves, active check valves
have been investigated by several researchers [6, 7]. They
developed a PHP that consists of a piezoelectric stack actuator
and two piezoelectric unimorph disc valves as one-way valves.
Building on these previous efforts, researchers have recently
investigated the feasibility of using PHP actuators in various
industrial applications; one example is to manufacture a PHP
for advanced automotive powertrain control systems [8]. The
primary challenge here is to develop a high-performance PHP
actuator that can satisfy specific requirements, especially flow
rate. Most previous research efforts to improve the flow
rate of PHP actuators have focused on increasing the driving
frequency up to a few kHz, based on the assumption that
the flow rate of the PHP actuator will be proportional to the
driving frequency [5]. However, the flow rate of a PHP actuator
fluctuates in the high frequency range. The most likely reasons
for flow rate fluctuation may be due to the bandwidth limitation
of one-way valves and unknown resonances in the system.
Moreover, the demand for a high operating frequency requires
a high current capacity driver to compensate for the large
capacitive load (10–50 μF) of the PZT stack transducers. This
typically restricts the development of efficient and compact
systems, which is required in many industrial applications.
Therefore, it is preferable to develop a high-performance PHP
actuator that can operate effectively and efficiently in the
relatively lower frequency range (i.e. a few hundred Hz).
2. Problem statement and objective
A schematic diagram of the testbed PHP actuator used in this
research is illustrated in figure 1. To have a compact design,
this hybrid actuator needs to be a stand-alone device, featuring
a self-constrained hardware configuration. A hydraulic
transmission line (i.e. suction pipe) is connected to the
Figure 2. Configuration of the stand-alone PHP actuator.
chambers on both sides of the double-acting hydraulic cylinder
to cancel the initial force caused by the gas accumulator
pressure. The rigid pipe with a diameter of 0.005 m is
designed to match the outlet impedance (i.e. the outlet port
size is also 0.005 m). This hardware configuration makes
the head side of the double-acting hydraulic cylinder act as
an oil reservoir, as opposed to conventional oil tanks. The
compactness requirement also rules out the option of using
standard commercial accumulators. Instead, in this research
a miniature gas accumulator is incorporated by using a rubber
diaphragm. Based on this hydraulic circuit, the prototype PHP
actuator is designed and fabricated, as shown in figure 2. As
illustrated, this stand-alone prototype allows the elimination
of fluid line dynamics and minimizes the flow resistance and
opportunity of air inflow.
An approximation method using a hydraulic cylinder
attached to the PHP actuator is often utilized to evaluate the
flow rate performance of the PHP actuator. The assumption
is that the pressure-rise rate of the hydraulic cylinder becomes
nearly zero during the fast stroke without loading:
P˙ = βe
(Vo + A1x)(Q1 − A1 x˙) ≈ 0 (1)
where βe is the effective bulk modulus, Vo is the control
volume, A1 is the effective (ram) area of cylinder, x and x˙ are
the displacement (i.e. stroke) and average velocity of cylinder,
respectively; Q1 represents the flow rate. From equation (1),
the no-load flow rate can be estimated as follows:
Q1 = A1x˙ . (2)
Since the PHP is a positive displacement type pump that
utilizes a combination of the reciprocating action of a flexible
diaphragm and one-way check valves, this pump enables the
displacement of fluid by trapping a small fixed amount of fluid
in the discharging side. Accordingly, a theoretical flow rate
(frequently referred to as the displacement of the pump) can be
defined as follows:
QTH = δ π D
2
4
f (3)
where δ is the effective stroke, D is the diameter of the
pumping chamber, and f is the driving frequency. Once
2
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Figure 3. Typical flow rate performance of the PHP actuator
(0.7 MPa accumulator pressure, 120 V).
the theoretical flow rate is defined, the volumetric efficiency
becomes one of the key indices for evaluating the flow rate
performance of positive displacement type pumps:
η = Q1QTH . (4)
To explain the volumetric efficiency, the typical flow rate
performance of the prototype PHP actuator is illustrated in
figure 3, showing the two flow rates defined in equations (2)
and (3). It is obvious that the differences between the
theoretical flow rate and the actual measured flow rate are
gradually increasing as frequency increases from 0 to 170 Hz.
It is well recognized that this phenomenon is common in
displacement type pumps. In general, the primary factors that
negatively affect the volumetric efficiency of the pump include
leakage into the back flow direction and external loads. The
volumetric efficiency is also affected by the suction (i.e. inlet)
flow dominated by the pipe size and pipe dynamics. At high
frequency, the small pipe size of the suction may cause a flow
restriction and deteriorated volumetric efficiency. In addition,
the different pipe size between suction and discharge may lead
to power transmission loss, known as impedance mismatching.
As shown in figure 3, the measured actual flow rate suddenly
drops when the frequency is beyond a certain range (in this
case, beyond 170 Hz), which leads to a significant degrading of
volumetric efficiency. This undesirable phenomenon has been
reported in many other studies on PHP actuators using similar
hydraulic circuits [5, 8–10]. Unfortunately, the aforementioned
factors do not explain this significant drop in volumetric
efficiency. In order to facilitate driving the PHP in the low
frequency range (1–300 Hz), this unwanted phenomenon has
to be first examined and the volumetric efficiency needs to be
enhanced.
The objectives of this research are (a) to identify the main
reason for the degradation of the volumetric efficiency of the
PHP actuator in the specific frequency range (e.g. >170 Hz
for the case shown in figure 3) and (b) to develop methods
to improve the PHP’s performance. A potential cause for this
degradation phenomenon is hypothesized to be the Helmholtz
resonance effect, due to the fact that the cavity size of the
Figure 4. Lumped model for the simplified suction flow rate side.
PHP cylinder is relatively large as compared to the pipe size (a
typical Helmholtz resonator configuration). In this study, we
verify such a hypothesis by analyzing a Helmholtz resonance
model and comparing the results with test data. An equivalent
electric circuit model to describe the Helmholtz resonance
characteristics is first synthesized. Simulation results are
generated by utilizing the derived model and comparing to
experimental outcomes. We then identify means to shift the
Helmholtz resonance to a higher frequency range through
parameter tuning of the model, which leads to the improvement
of volumetric efficiency by expanding the effective operational
frequency bandwidth.
3. Helmholtz resonance model
A Helmholtz resonator, generally known as a large cavity
of fluid with an open port, is widely used in a variety
of applications to reduce unwanted sound or improve
transmission efficiency [11, 12, 14]. For instance, in
order to achieve large mass flow during the suction stroke,
the Helmholtz resonator is widely used in current internal
combustion engines. In a similar manner, the characteristic of
suction flow has a great effect on the flow rate performance of
the positive displacement type pump since the discharge flow
rate depends on the capability to circulate the working fluid,
as mentioned in section 2. To explain the Helmholtz resonator,
only the suction flow side is considered and simplified by using
a lumped model, as shown in figure 4. As noted in section 2,
since the cavity size of the cylinder is relatively large compared
to the pipe size, it can very likely be viewed as the source of
the Helmholtz resonator.
In this lumped model, the dynamics of the reed valves is
excluded based on the fact that the first natural frequency of
the cantilever type reed valve immersed in fluid is estimated
to be much higher than the operational frequency range of the
PHP actuator (below 250 Hz). Moreover, the motion of the
reeds is generally limited by the stopper to prevent excessive
deformation, which implies that the orifice in reed valves is
fully opening and will not affect the flow rate when the PZT
stack transducer is operating. The stiffness of the flexible
diaphragm (e.g. spring steel with a thickness of 0.1 mm) is
also assumed to be very small and negligible since the effective
stroke is mainly governed by the PZT stack transducer. From
this lumped model, the large chamber on the low pressure
(head) side of the double-acting hydraulic cylinder can act as a
3
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Helmholtz resonator consisting of an effective hydraulic spring
rate (k1) and a fluid mass (M1). It has been recognized that
the fluid effective bulk modulus is a critical parameter that will
affect the apparent ‘stiffness’ of the working fluid [13, 15]. The
term stiffness is frequently referred to as the effective hydraulic
spring rate in a hydraulic control (or fluid power) system
ke = βe A
2
Vo
(5)
where βe is the effective bulk modulus, A represents the ram
area, and Vo is the control volume of the fluid cavity. Note
that the inverse of the effective hydraulic spring rate (hydraulic
compliance) is different from the hydraulic compliance in the
rate of pressure increase (i.e. continuity) equation [15]. From
equation (5) and the definition of control volume (Vo = Ah),
the effective hydraulic spring rates of the PHP actuator shown
in figure 4 can be written as follows:
k1 = βe A1h1 = βe
πd21
4h1
(6)
k2 = βe A2h2 = βe
πd22
4h2
(7)
where di and hi , i = 1, 2 are the diameter and height of the two
fluid cavities, respectively. In fact, the height of the Helmholtz
cavity (h1) is a time-varying parameter due to stroking. In
this analysis, the stroke (x) is set to be small (e.g. 0.005 m)
to minimize its effect, and is assumed to be quasi-static. From
equations (6) and (7), it is evident that the hydraulic spring
rate is a function of the effective bulk modulus and geometric
variables (such as the diameter of fluid cavity), which can be
adjustable parameters for tuning the resonance frequency.
In order to effectively model the coupled electro-
mechanical structure depicted in figure 4, the equivalent
electric circuit model is synthesized in figure 5. A co-fired PZT
stack driven by an AC voltage is used as an energy transducer
in this study. The multi-layered PZT stack transducers are
typically made of thin layers (typical 100 μm). They can
then be driven by low voltage (i.e. below 150 V), compared
to standard piezoelectric material-based actuators. In general,
Cp represents the electrical capacitance of the PZT stack
transducer (30 μF). Since the desired normal operational
frequency range is far below the resonance frequency of the
PZT stack transducer (i.e. 250 Hz  40 kHz), a non-resonant
circuit model is utilized in this research for the piezoelectric
material. Cm is the mechanical compliance (i.e. the inverse of
stiffness km) of the PZT stack transducer. M2 and C2 represent
the effective mass of the stiffener and the fluid compliance
(i.e. the inverse of the hydraulic spring rate k2) of the pumping
chamber, respectively. On the other hand, C1, R1 and M1
are the mechanical properties of the Helmholtz resonator. For
instance, C1 represents the compliance (i.e. the inverse of the
hydraulic spring rate k1) of the Helmholtz resonator. The fluid
mass is estimated by using an approximated pipe volume and
fluid density.
An AC voltage is applied to the PZT stack transducer
to create the effective force that can stroke the diaphragm in
Figure 5. Equivalent circuit model representation.
a pumping chamber. The following ideal transformer will
account for this energy conversion:
i = N Q = N Ax˙ (8)
F = NVAC (9)
where i the electrical current, N is the electro-mechanical
conversion constant, and x˙ is the velocity. The electro-
mechanical conversion constant N can be derived from
the constitutive equations of linear piezoelectricity for PZT
materials
Si j = sEi jkl Tkl + dki j Ek . (10)
In the uniaxial directional case, equation (10) can be reduced
to
S33 = sE33T3 + d33 E3 (11)
where S33 is the mechanical strain, T3 is the mechanical stress,
sE33 is the mechanical compliance of the PZT material, E3 is the
applied electric field, and d33 represents the electro-mechanical
charge (coupling) coefficient. For a multi-layered PZT stack
transducer with n layers, equation (11) can be rewritten as
x
nt
= sE33
Fext
Ap
+ d33 VAC
t
(12)
where n is the number of stack layers, t is the thickness of each
layer, Fext represents the external force, and Ap is the cross-
sectional area of the PZT stack transducer. Then, equation (12)
can be rearranged as follows:
Fext = kmx − kmnd33VAC (13)
where km is the stack stiffness (=Ap/ntsE33). The second term
in equation (13) is called the piezoelectric induced block force
of the stack and the electro-mechanical conversion constant N
can be defined by
N = kmnd33. (14)
Then, the electrical impedance of the model can also be
converted into the mechanical impedance from equations (8)
and (9)
Ze = VACi =
F/N
N Q =
1
AN2
F
x˙
. (15)
In deriving the transfer function for the equivalent circuit
model, it is convenient to derive the Laplace-transformed
equations directly with the assumption of zero initial
conditions. Based on equation (15), the transformer can be
4
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Figure 6. Alternative impedance model representation.
ruled out by using each converted complex impedance part, as
shown in figure 6.
Z1(s) = 1AN2
(
R1 + sM1 + 1
sC1
)
(16)
Z2(s) = 1AN2
(
sM2 + 1
sCm
)
(17)
Z3(s) = 1AN2
(
1
sC2
)
(18)
where s is the Laplace operator.
The overall complex impedance Ze in the Laplace domain
can then be obtained using the standard impedance block
manipulation method
Ze(s) = Z1 +
(
Z2 Z3
Z2 + Z3
)
. (19)
Substituting equations (17)–(19) into equation (20) yields
Ze(s) = a4s
4 + a3s3 + a2s2 + a1s + a0
AN2b1s
(20)
where
a4 = C1CmC2 Mm M1 a3 = C1CmC2 Mm R1
a2 = C1Cm M1 + C1C2 M1 + C1CmMm + CmC2 Mm
a1 = C1Cm R1 + C1C2 R1 a0 = C1 + Cm + C2
b1 = C1Cm.
To evaluate the flow rate output defined in equation (2), the
transfer function between the flow rate and the voltage input in
Laplace domain is then derived:
Q1(s)
VAC(s)
= 1
N Ze
. (21)
The transfer function defined in equation (21) can eventually
be rewritten by
Q1(s)
VAC(s)
=
(
ANb1s
a4s4 + a3s3 + a2s2 + a1s + a0
)
. (22)
Equation (22) represents a dynamic system with four poles
and one zero that possesses two resonant frequencies, ωn1 and
ωn2(>ωn1), that are related to the natural frequencies of the
Helmholtz resonator and the pumping chamber with PZT stack
transducer, respectively. All parameters and dimensions for
simulation are listed in table 1.
Table 1. Simulation parameters and dimensions for simulation of
the Helmholtz resonator.
Symbol Items (SI unit) Nominal value
d1 Diameter of double-acting hydraulic
cylinder (m)
0.038, 0.05
d2 Diameter of pumping chamber (m) 0.03
h1 Height of double-acting hydraulic
cylinder (m)
0.006,0.01
h2 Height of pumping chamber (m) 0.003
Cp Capacitance of PZT stack (F) 30 × 10−6
km PZT stack stiffness (N m−1) 70 × 106
M1 Effective mass of fluid (kg) 0.084
M2 Effective mass of stiffener with
diaphragm (kg)
0.03
R1 Helmholtz resonance resistance
(kg s −1 m−4)
100 (assumed)
n Number of stack layers 2500
d33 Electro-mechanical charge
(coupling) coefficient (m V−1)
300 × 10−12 [16]
βe Effective bulk modulus of working
fluid (MPa)
0.2, 0.3
VAC Amplitude of driving voltage (V) 120
4. Experimental validation
Figure 7 represents the overall experimental setup for
evaluating the performance of the PHP actuator. The actuator
piston is connected to a linear variable displacement transducer
(LVDT) to estimate its average velocity, which can be
calculated from the measured stroke and stroking time. The
sensing signals are analyzed and stored in the dynamic signal
analyzer (model HP35665A). In order to compensate for
the large capacitive loads of the PZT stack transducer, we
customized a two-level driver that switches a large capacitive
load between low level (e.g. 0 V) and high level (e.g. 120–
150 V). With this driving topology, one can provide a quasi-
sinusoidal output voltage with a sufficient current required for
the broad bandwidth [8]. The different driving frequencies can
be selected through a TTL (transistor–transistor logic) pulse
generator.
The frequency response function with the second cylinder
diameter (d1 = 0.05 m) and higher effective bulk modulus
(0.3 MPa for Hydrolubric® oil) listed in table 1 is simulated by
using equation (22) and compared to the experimental results in
figure 8. Although the two-level driver is utilized, the operating
frequency is still limited to less than 250 Hz because of the
low current capacity of the two-level driver. From figure 8,
there is no doubt that the flow rate has a frequency-dependent
characteristic.
To identify the effect of the Helmholtz resonator, two
different hydraulic cylinders are assembled to measure the
corresponding flow rates. The different Helmholtz cavities
(illustrated in figure 9) will cause the variation of the
Helmholtz resonance frequency.
As the cavity is changed from type B to type A, the
first peak frequency is shifted from the 175 to 240 Hz with
Hydrolubric® oil, as shown in figure 10. Experimental
results show good agreement with the simulation results. It
can be shown that the volumetric efficiency around 200 Hz
can be significantly improved through the tailoring of the
5
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Figure 7. Measurement setup for evaluating flow rate performance.
Figure 8. Comparison of flow rate performance (d1 = 0.05 m;
–, simulated; ◦, measured).
Helmholtz resonant frequency. Next, the effect of the effective
bulk modulus on Helmholtz resonance is also investigated by
replacing the working fluids. Since it is well recognized that
the effective bulk modulus of the water-based Hydrolubric®
oil is higher than that of petroleum-based hydraulic oil, such
as DEXRON-III®, under the same pressure [13, 17], these
two fluids are used alternately as working fluids for the PHP
actuator. As in figure 10, the simulated first peak frequency
Figure 9. Different Helmholtz cavities of the hydraulic cylinders.
Figure 10. Comparison of flow rate (Hydrolubric® oil) with respect
to different Helmholtz cavities (unionsq, type B measured; - - - -, type B
simulated; ◦, type A measured; ——, type A simulated).
shown in figure 11 is shifted from 170 to 250 Hz with the A
type cylinder using the working fluid with the higher effective
bulk modulus. The experimental results also show good
agreement with the simulation predictions.
To further confirm the Helmholtz resonance effect in
the PHP actuator, the acoustic sound pressure level (SPL) is
experimentally measured by using a microphone. Figure 12
shows the overall SPL measurement stand in an anechoic
chamber, in is a shielded room designed to attenuate
sound waves. Background noise is not considered in this
measurement. Four microphones are located at 0.5 m from
the longitudinal centers of the vertical planes forming the
smallest rectangle to measure the average sound pressure level.
Air condenser type microphones (Larson Davis laboratories
model, sensitivity range of 4–8 mV Pa−1) are used in this
measurement. The formula for calculating the individual SPL
is [14]
SPL = 10 log10
[
PRMS
Pref
]2
dB (23)
where PRMS is the measured RMS sound pressure, Pref is the
reference sound pressure (the commonly used reference sound
6
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Figure 11. Comparison of flow rate (d1 = 0.05 m) with respect to
different effective bulk moduli (unionsq, DEXRON-III® measured; - - - -,
DEXRON-III® simulated; ◦, Hydrolubric® measured; ——,
Hydrolubric® simulated).
Figure 12. Overall sound pressure level measurement stand located
in an anechoic chamber.
pressure in air is 20×10−6 Pa). Then, the average level of four
measurements can be estimated as follows:
SPL = 10 log10[(10
LH
10 + 10 RH10 + 10 FR10 + 10 RR10 )/4]dB (24)
where LH, RH, FR, and RR represent the sound pressure
level measured by left, right, front, and rear microphones.
The averaged SPL calculated by equation (24) and its power
spectral density is illustrated in figure 13. This example
corresponds to the case with the type A cylinder and using
Hydrolubric® oil. The driving frequency of 200 Hz is selected
to be slightly lower than the expected peak frequency (i.e. 220–
230 Hz) to prevent an overlap of peaks, and is applied to the
PHP actuator. Since the PHP actuator is operated by one-way
reed valves with stoppers, there are integer peaked frequencies
in the power spectral density spectra (i.e. 200, 400 Hz), which
are related to the contact noises caused by driving the PZT
stack transducer. For instance, the peaked frequency of 400 Hz
is generated by the metal contact in the two reed valves. In
addition, there is another peak frequency around 220 Hz, which
is identical to the Helmholtz resonance frequency shown in
Figure 13. Typical measured sound pressure level and the power
spectral density of the PHP actuator.
figure 10. From these results, it can be concluded that the
lowest resonance existing in the flow rate of a macro-scale PHP
actuator is due to the Helmholtz resonance resulting from the
hydraulic circuit configurations using a hydraulic cylinder.
5. Conclusions
In this paper, the reason for the degradation of volumetric
efficiency in PHP actuators is investigated and methods to
improve the PHP performance are presented. It is clear that the
large cavity in the double-acting cylinder acts as a Helmholtz
resonator when the PHP is combined with hydraulic circuits—
which normally consist of a hydraulic cylinder. Based on the
analysis and experimental results, it is concluded that simple
modifications of the device design or working fluids will allow
us to improve the volumetric efficiency of the PHP and enhance
the actuator performance by extending its effective frequency
bandwidth.
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